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ABSTRACT

In the paper we consider an extension problem of the Euler-Maclaurin quadrature formula in the
space by constructing an optimal quadrature formula.
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1. Statement of the problem.

Consider the following quadrature formula

[6C0dx O3 (CLAIP(HB) + CLBW (hB) + C,I B (hB) + CLBIW (hB)) ()
0 B=0

where
h h

C0[0]=§, CLB1=h, CO[N]=§, (f=12,.,N-1 2)
h? h?

C][O]:_’ Cl[IB]ZO’ Cl[N]:__’ (,8:1’2”N_1)’ (3)
12 12

and

ht h'
C|0]=——, C =0, C,[N]=——, =1,2,....N—1 4
,[0] 70 L[] L[NV] 0 (B ) “4)

C5 [ ,3] are unknown coefficients of the quadrature formula (1), & = N , N is a natural number.
We suppose that integrands @ belong to W2(6’5), where by W2(6’5) is the class of all functions @

defined on [0; 1] which posses an absolutely continuous sixth derivative and whose fifth derivative is
in L,(0,1) (see [4]). The class W2(6’5) under the pseudo-inner product

<¢,l//>wz(6,s> = I (@ () + @7 (D)@ (x) +¢ (x))dx

is a Hilbert if we identify functions that differ by a linear combination of 1, x, xz, x3, x* and "
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(see, for example, [1, 4]). The space W2(6’5) is equipped by the corresponding norm

PP 05 = AR (x)fdx]m. )

The error of the formula (1) is the difference

(1.9)= [pC0dx =3 (CLBWIB) + CLAW hB) + C,LBI" (hB) + CL W (hB) )

B=0

and it defines a functional
0(x) = &y (x) = D CLB13(x —hf3) = C,[ B1T (x — h3) -
=0
~C,[B18"(x = hB) - C{ B13* (x~ hB)

(7
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which is called the error functional of the quadrature formula (1), where & ,(x) is the indicator of

the interval [0; 1], O is Dirac’s delta-function. The value of the error functional ¢ at a function @ is

calculated as (/,@) = J (x)@(x)dx (see [7]) and ¢ is a linear functional in W2(6’5)* space, where

—00

W2(6’5)* is the conjugate space to the space W2(6’5) :

Since the error functional (7) is defined on the space W2(6’5) it is necessary to impose the following

conditions for the error functional ¢

(LD =1- 260[/3] = ®)
(10) = - g(c LBIhB)+ CLB1) =0, ©)
(4,x%) :=§ Z(C [BIhB)* +2C [ BI(hB)) =0 (10)
(4,x") = % - g(co[ﬁ]<hﬁ>3 +3C[BIB) +6C,[B1) =0, (1)
(.x*):= é g(c [BIhB)* +4C,[BIhB)’ +24C,[ BI(hB)) =0 (12)
(l,e):= je_"dx ;)(C [Ble™ =C[Ble™ - C,[Ble™ - C,[Ble™) =0 (13)
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The equations (8)-(13) show that the quadrature formula (1) is exact to the functions l,x,xz,x3 and

e . One can see that the coefficients Cy,[ 5], C,[ 5], C,[ ] and C,[ 5] defined by equalities (2),
(3) and (4) satisfy equations (8), (9), (10), (11) and (12). Therefore for unknown coefficients
C,[B1,8=0.1,...,N , we have only equation (13).

The absolute value of the error (6) is estimated from above by the norm

@)
/ Sy = sup DAD
H HW2(6 3 ¢P¢PW2(6,5) 20 P@ PW2(6,5)

of the error functional ¢ as follows

|(4.9)|PPP 5, PLP
2

(6,5)* *
W

Furthermore, one can see from (6) that the norm of the error functional (7) depends on coefficients
C[A].

Thus, in order to construct an optimal quadrature formula of the form (1) in the sense of Sard we
have to solve the following problem.

Problem 1. Find the minimum for the norm of the error functional (7) by coefficients C[ 3], i.e.

quwz((’ﬁ)* = C{ﬂ%”dhﬁ“" : (14)

The coefficients satisfying equality (14) are called optimal coefficients and are denoted as C[ 5],
£=0,1,.,N.

For solving Problem 1, first, we find an expression for the norm of the error functional (7) and next,
we calculate it’s minimum by coefficients C;[ 5], £=0,1,...,N .

The rest of the paper is organized as follows:
2. Coefficients of the optimal quadrature formula.

2.1.The norm of the error functional /.

To get a representation of the norm of the error functional (7) in the space W2(6’5) (0,1) we use the
extremal function for this functional (7) which satisfies the following equality (see [7, 8]):

(¢.p,)=P¢ P r Py, P o

From Theorem 2.1 of the work [4] for the extremal function l//z of the error functional ¢ in the

space W2(6’5) we get the following formula

Y, (x) = L(x)*Gg(x) + P (x) +de ™, (15)

where
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X -Xx 9 7 5 3
_Senxpe me X X X X _
Co="5 ( 2 9 71 51 3 x]’ (1o

P(x)= p4x4 + p3x3 + p2x2 + p,x + p, is a polynomial of degree three and d is a real number.

Furthermore, from the results of [4] we have P/ P 65 =Py, P 469 and

PIP 5= (L40)). (17)
2

Hence, taking into account equalities (7) and (15) we come to the following expression for the norm
of /:

PIP= (L) ==Y C[BICIVIG,(hB — hy) +

p=0y=0

+2 GBI jGi(x ~hB)dx + Co[Y1G,(h3 = hy) = D C\[VIG;(hB = hy) = > Ci[VIG,(hB = hy))
B=0 0 y=0 y=0 y=0

+Y S CBICVIG(hB = hy) =23 C I BICIVIG, (hB ~ hy) =2 > C, BIC,[VIG: (hf3 ~ hy)

B=0y=0 B=0y=0 B=0y=0
= CIBICIVIG;(hB = hy) = 2D > CIBIC,IVG,(hB = hy) = > > C,[ BIC,[VIG,(h 3~ hy)
$=0y=0 £=0y=0 B=0y=0
=D CIBICIVIG;(hB = hy) = 2> CIBIC,IVG,(hB ~hy) = > > C,[ BIC,[VIG,(h 3~ hy)
B=0y=0 B=0y=0 B=0y=0
(18)
where G, (x) is defined by (16),
G (x)= Sg;x(e ~ j,Gz<x)= ng‘”‘(e = —xj,Gg(x)— (e —e _ xj,
(19)
G(x)_sgnx e"—e_"_x_5 x3 G(x)_sgnx et —e” x_ x_ X
ST 2 51 3] 2 2 7! 51 31 '

Thus, we have calculated the norm of the error functional (7).

In the next section we find the minimum of the expression (18) by coefficients Cs[f],
[ =0,1,..., N, under the condition (13).

2.2 The minimization of the norm (18)

Here we solve the problem of finding the minimum of (18) by coefficients Ci[8],8=0,1,...,N
under the condition (13). For this we use the Lagrange method.

Consider the following function
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W(C[0],C,[1],....,Cs[N1,d) =P/ P* =2d(/,e™™).

Equating to zero the partial derivatives of the function ¥ by C,[5], B=0,1,....N and d we get
the following system of N + 2 linear equations

N

> CIVIG,(hB = hy) +de™ = F(hB), B=0,1,2,....N, (20)
y=0

N
> Cilyle™ =g, @0
y=0

where

F(hB) = [G,(x=hB)dx+ CIYIG(hB~hy) = Y CIYIG(hB~hy) = Y C,IVIG,(hB = hy),
0 y=0 y=0 y=0

(22)
N N N
g=e¢' =1+ Clyle™ =D Clyle™ = > C,lyle™. (23)
y=0 y=0 y=0

In this system C,[B],=0,1,...,N and d are unknowns, that is, the above system has N +2

unknowns and N + 2 linear equations. This system has only solution for every fixed natural N and
this solution gives the minimum to the norm (18).

Further, we find an exact solution of the system (20)-(21).
2.3.The solution of the system (20)-(21).

In this section we solve the system (20)-(21). Here we use the concept of discrete argument functions
(or functions of discrete argument) and operations on them following by S.L.Sobolev [7, 8].

Suppose @ and {J are real-valued functions of real variable x and are defined in the real line R .
Let & be a small positive number.
A function ¢(h,3) is called a discrete argument function if it is defined on some of integer values of

L. The inner product of two discrete argument functions @(hfB) and Y(hP) is defined as the
following number

(6B WP =S $(hB) T (hD),

ﬂ:—oo

if the series on the right hand side of the last equality converges absolutely.

The convolution of two discrete argument functions @(hf) and Y(hL) is the following inner
product

B W (hP) =[p(hy). (B~ hy)] = i¢(hy> @ (hB = hy)

y=—o
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2
Moreover, we use the following discrete analogue of the differential operator —- —1 constructed in

the work [2].

2
The discrete analogue D), (hf) of the differential operator F —1 satisfying the equation
X

D,(hfB)*G,(hf3)=0,(hB)

has the form

| 0, | Bz 2,
D(hB)=——7r72¢",  |BIEL @4
2(1+e*), B=0,

) _sgn(hP)( e’ —e N L B=0,
where G,(hf) = 5 ( 5 ja dé_d(hﬂ)—{o, 520,

Furthermore, D, (h/3) has the following properties

D,(hB)*e"” =0 and D,(hB)*e™* =0. (25)

Now suppose that Cs[5]=0 when 8=—1,-2,... and f=N +1,N +2,.... Then we can rewrite
the system (20)-(21) in the following convolution form

C[B1*G,(hB~hy)+de"’ = F(hf), B=0,1,...,N, (26)
N
Ciyle™ =g 27)
y=0
where

_ _ (. h KW K h
F(hB)=(e" -y 1-24 - _ : 28
By =(e ™~ ) e I "0 "o o 8
and
_1—8 1_ﬁ+h_2_h_4— h (29)
& e 2 12 720 e"-1

which are obtained by calculating the right hand sides of (22) and (23), respectively.

We have the following main result of the work.

Theorem 2.1 The coefficients of the optimal quadrature formula in the form (1) in the space
W2(6’5) (0,1) have the following forms:
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he"+D)  h' 1
2(¢"-1) 720 12
C[B81=0, pB=1,2,.,N-1, (30)
h 4 2
_he"+) _ K R
2" =1) 720 12

C,l0]=

2

CIN]=

Proof. We denote the left hand side of (26) by

u(hfB) = CsLB1* G (hf) +de™”. (31)
Then we get
Cs[B]= D,(hB)* u(hpP). (32)

Indeed, if the discrete argument function u(hﬁ) is defined at all integer values of [3, then using
(24) and (32), and taking (25) into account, we get

D,(hf3)*u(hf3) = D,(hf3)* (G,(hfB)* C; B]) + D,(hf) *(d ™)

= C,[B1*(D,(hB) * G, (hB))

=C[B1*9,(hB)

=GBl

Hence, in order to find C,[f3] the function #(/2/3) must be found at all integer values of /3.

From (26) we get that

u(hf)=Fhp) for $=0,1,...,N, (33)

where F'(h[3) is defined by (28).

Next we find u(hf) for f=-1,-2,... and B=N+1,N+2,....
For the cases =—1,-2,..., from (31), using (27), we get

N
u(hpf) = —iehﬂg + e_h'B%ZCS[y]ehy +de™". (34)

y=0

Similarly, for the cases =N +1,N +2,..., we have

N
u(hfB) = %ehﬁg - e“hﬁ%ZCS[y]ehy +de™"”. (35)

y=0

1 N
Combining (33), (34) and (35), denoting D = ZZCS[y]ehy , we get the following
y=0
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—ie’lﬂg +(d+ D)™, B<0,
u(hB) =1 F(hp), 0<B<N, (36)

%ehﬂg+(d—D)e_hﬁ, L=N.

In the last equation d and D are unknowns. To find these unknowns we use the values of u(//3)

at points £=0 and = N . Then we get the following system of equations

d+D—%g = F() for =0,
o’
d—D—Zg = eF(1) for f=N.
Solving this system we get
_ 2 4
d=0, p=C¢_lfj_h i _h hh . 37)
4 2 12 720 €' -1

As a result, from (32) for ,3 =0,1,..., N, using (24) and (36) with (37), by direct calculation we get
(30). Theorem 2.1 is proved.

Thus, we have found the optimal coefficients Cs[ 3], 8=0,1,2,...,N satisfying the equality (14).
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