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ABSTRACT

The goal of our research is to investigate the collective modes of the anyons localized in 2D
parabolic well and get the right exact expression for their collective mode frequencies. A study of the
collective motion of atomic gases, localized in the harmonic trap, belongs to class of actual and
interesting problems of physics of ultra-cold atomic and molecular systems. A topology of 2D
systems allows to exist the particles, whoes statistics may be orbitrary between bosons and fermions,
therefore they call anyons. And these anyons are described with parameter and may be determined
in the interval between ones for bosons and fermions. The one of intriguing problem of ultra-cold
atomic gases is a study of the role of the anyon statistics to the system centre mass mode frequencies.
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1. INTRODUCTION

It is well-known that all elementary particles fall into one of two possible categories - bosons and
fermions, depending on whether they obey the Bose-Einstein or the Fermi-Dirac statistics
respectively. These particle are at least in 3-dimensional space-time. However in two space
dimensions we do not have only bosons and fermions, but also particles with any statistics in
between. These particles are called anyons and are the subject of this work.

Certainly, it is unusual feature of anyons that they arise only in two-dimensional systems and it is
hard to imagine for both physicists working at totally different field of the physics and people far
away from science these amazing particles. However, these particles are not simply topological
fantasies or objects of purely mathematical interest; on the contrary they might play an important role
in certain physical phenomena of the real world. Of course, since we are living in at least three space
dimensions where particles can be only bosons or fermions, anyons are not real particles. However
there exist certain condensed-matter systems (for example thin layers at the interface between
different semiconductors) that can be regarded effectively as two-dimensional. Their localized
excitations (if they exist) are quasi-particles subject to the rules of a two-dimensional world. It is
these quasiparticles that may be anyons and may be observed in certain cases. For example the
collective excitations above the ground state of systems exhibiting the fractional quantum Hall effect
(for a review see (Prange and Girvin 1990)) have been identified as localized quasi-particles of
fractional charge (Laughlin 1983), fractional spin and fractional statistics (Arovas et al. 1984;
Halperin 1984), and thus they can be regarded as anyons. Furthermore, anyons are conjectured to
play a role also in the theory of high temperature superconductivity (Chen et al. 1989), even though
in this case no conclusive word can be said at the moment (Lyons et al. 1990; Kiefl et al. 1990;
Spielman et al. 1990).

Such anyonic particles are becoming of increasing importance in condensed matter physics and
guantum computation. They may play an essential role for describing the fractional quantum Hall
effect, high-temperature superconductivity, and the physics of topological insulators and
superconductors. Moreover, anyons as unusual quasiparticles with properties of its statistics are
adequate tool for implementing a topological quantum computer. All of the mentioned categories in
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physics are the active issues of the physicists throughout the world. Certainly, all of these emphasize
the importance of investigating the quantum anyon systems and their collective motion in the
harmonic trap that has been done in this scientific work.

Most of the great interest that anyons have attracted in the past few years derives from the
(unexpected) applications of these ideas to certain two-dimesional condensed matter systems, most
notably those exhibiting the fractional quantum Hall effect (see for instance (Prange and Girvin
1990)). In this case a series of new states of matter emerge as incompressible quantum liquids
(Laughlin 1983) around which the low-energy excitations are localized quasi-particles with unusual
fractional quantum numbers, i.e. anyons. Furthermore, it is also very likely that anyonic excitations
with fractional statistics exist in films of liquid 3He in the A-phase (Volovik and Yakovenko 1989).
The application of anyons to the theory of high temperature superconductivity has also been
considered quite extensively (for reviews see (Wilczek 1990; Lykken et al. 1991)), but their actual
relevance in this context is quite controversial and doubtful.

Since experimentally first ultracold atoms have been realized in harmonic potentials, the goal of our
work will be the consideration of the collective motion of anyons in the 2D harmonic trap.

The present paper is organized as follows. We start with introducing Hamiltonian of the anyons in
2D parabolic harmonic well in section2. Then, cumulant method is introduced in section3. In
sections 4 and 5 some calculations have been given by utilizing this method. Next section is devoted
for deriving the harmonic oscillator equation for the centre-of-mass - the main result of our work.
Finally, at the end the conclusion is presented.

2. HAMILTONIAN OF ANYONS TRAPPED IN 2D ANISOTROPIC HARMONIC
POTENTIAL

In this section we describe the Hamiltonian of anyons, localized in the 2D anisotropic trap, which
expression will be taken from the paper [26] and, following to the paper of Ghost and Sinha [27], we
write this system Langrangian.

The Hamiltonian of the gas of N anyons with mass m and charge e, confined in 2D parabolic well,
is:

N N

. 1 . N2 m

H= ﬁz (pk + Av(rk)) + Z ?(a),%x,% + wf,y,%).
k=1 k=1

Here 7, and p, represent the position and momentum operators of the k th anyon in 2D space
dimension,

e_Z)XTTc’j

A =t ) ——
j£k |rkj|

is the anyon gauge vector potential [28], 7; = 7, —7; and e, is the unit vector normal to the 2D
plane. In the expression for vector potential A, (7)), v is the anyon factor and hereafter we assume

that 0 < v < 1, which means the variation of the anyon factor between bosonic and fermionic limits
of anyons.

Our interest is the solution of the Schrodinger equation

LR
LhT—HllJ(R,T)

Let us consider first the term in the Hamiltonian H, containing only the anyon vector potential
A, (). In the bosonic representation of anyons we take the system wave function in the form
[29,30] :
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Here and above R = {7}, 75, ..., 7} is the configuration space of the N anyons. The product in the
right hand side of this equation is the Jastrow-type wave function. It describes the short distance
correlations between two particles due to anyonic (fermionic) statistics interaction.

By substituting the wave function of this form into Schroédinger equation (3) without the harmonic
potential term, we obtain the equation:

oW (R, t . .
i RO (A, + A,) %1 (R, t)

ot
where
N 2 2 2R v
~ h Ak hv Tkj° Vk
H :Z 2m m > |12
k=1 %k |rkj|
and
N
N . A, (1) - 1
Ay =i (A, T4y ) 2
k=1 j*k |TkJ|
ing

As in the paper [27] of Ghosh and Sinha, by introduc-

h
ao =
mw,’

where w, = ,/w,w,, we make dimensionless the length quantities and denote them by tilde sign.

We express the energy quantities in the Hamiltonian (1) in the units of Aw,. Then, for instance, the
harmonic potential term will have the form:

N N
m hw . 1
—z (w2xg + wiyf) = — (Axkz + —ykz)
2 2 A
k=1 k=1
where 1 = wy/w,y, X = xx /a0, Y = Yi/ao and parameter A is the anisotropic parameter for the
harmonic potential.

Now we make dimensionless Hamiltonians A, and A,

N 2 2 N —
X h Ak fl v rkj . Vk
H, = E — — =
2m m |; _|2
k=1 jzk kj
= (A Foi -V
k Tkj " Vi
—hw —+v ]
0 2 I 2
k=1 j#k |7”kj|

since Ay = 8%/ dxZ + 0%/ dyZ = Ay /a?.
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Similarly

N

= A
H, = —lhwoz A,(F) Vi + VZ v(tk) 27‘k1

k=1 jk | k1|
where

A =vy 20

j#k |Tkj|

T

| > 2, 1, 5
1+H2+§Z (Axk +zy ) LPT(R,t)

At the end of this section, we emphasize that the wave function ¥, (ﬁ, t) contains the configurational

space of N anyons vector R. Therefore, it corresponds to many particle wave function of system.
Previously, at the calculation of time variation of BEC, the wave function was a function of only one
coordinate of condensate (see, for example, the paper [27]) and the solution of problem of BEC
collective motions in the harmonic trap was essentially easier.

3. CUMULANTS EQUATION OF MOTION METHOD

For the description of above mentioned monope and quadrupole modes and also the oscillation of the
centre of mass motion (the Kohn theorem), we use the cumulants equation of motion method [31,
34]. According to this method, for the small amplitude oscillations, it is convenient to take the trial

many body wave function ¥, (ﬁ, t) in the Gaussian form (we use notations, taken from Ref. [31], for
variational parameters):

=

. 1
1_[ exp l— <—2 + iA1> X
) 2q;

1
(x — %0)? + ix)Cy — <2_qz + iAz) Wk — Yo)* +
2

(R0 = (nqlch)

iy, C,]

Here, x; and y, are the x and y coordinate components of k-th particle, all variational parameters
q1, 92,41, A, and C;, C,, and centre of mass components x, and y, are the time t dependent.

In order to derive the comulants equation of motion, we average over the Schrddinger equation (11)
the weight £/, :
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J. 1_[ dxkdykfxquT a .I- 1_[ dxkdykfxy
N
x 1 1
lpT Hl +H2 Ez (Axk Zy ) qJT

Since the wave function W, Eq. (12), is a Gaussian, no zero these averages are only for two central
moments. Averages with f,' = x; —x, and f;} =y, — y, provide equations to find the centre of

mass motion. And averages with fZ = (xx —x0)? —qf and f? = (yx —¥0)® —q5 provide
equations to find the widths motion.

4. AVERAGE QUANTITIES FOR f!, OF IDEAL GAS OF PARTICLES IN 2D
ANISOTROPIC HARMONIC POTENTIAL

For the ideal gas of particles in 2D anisotropic harmonic potential, we have an averaged Schrédinger

equation:
N N
. 1 % anT 1
i ] | dmaveby v == | | | dxedvitly »

k=1 k=1

1
‘PTZZ (< + 252 + 5 5%) W

Using the way, Ref. [31], of calculation of this equation integrals, we obtain:

- 0w,
J 1_[ dxydy (x, — XO)WT? =
k=1

x 2
N <7° +idq2r, + i Cl>

2
and
i oW
% T
f 1_[ dxdyr(Yx — yO)lpT? =
k=1
Yo Q% .
N <— +iA,q%y, + i—Cz>
2 2
Then
N N
f 1_[ dxdyy (xx — xo)qj;:z AWr =
k=1 k=1
—N(iC; — 261141(1%)
N N
f 1_[ dxdyr Yk — ¥o)Wr z AquT =
k=1 k=1
—-N(iC, — ZCZAZQ%):
and
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N N

f l_[ dxdy (xx — x0)Wr Z JNC/%‘PT =
k=1 k=1

Nxoqf
N N

f l_[ dxpdyr(yx — }’o)q’;z 5’1%% =
k=1 k=1

Nyoq5

5. AVERAGE QUANTITIES FOR fxly WITH ANYON PART OF HAMILTONIAN H;.

We start with the expression for the square of modulo of wave function W, (R, t), Eq. (12), (for the
simplicity, everywhere below, we omit signs tilte). It equals to

N
S 2 14\ xZo
il - (1) [ ool 2
R = e L a
_Yio

2
a;
where x,o = x;, — xo and yio = Yk — Yo-

First, we need to calculate the integral in the average quantities for £,';, = y,, related to term

Fei -V

Tk Ve

Vio¥r > Wr =
|Tkj|

- 12
YRole(R)l

2 2 1L
Xicj T Vij

where
1 ,
Z1 = —2XjXyo <2q2 +iA ) + iCyxyj —

1 .
2YkiVio <_2q2 + lAz) + iCo Yk
2

The expression for this integral is:

N
1%’1:<nq1q2 Z Z fff f dxdydx;jdy; X

k=1 j*k
2 2
X X :
ko Zlexpl_if_m_ﬂ_&;l
Xigj + YVij qq @ 4 a4

We introduce new variables x;; = x, — x; and y,; = y, — y; then dx; = —dx; and dy; = —dyy;
and taking into account that

Yij = 2YkjYko + yﬁol
2
q;
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the exponential function in the Eq. (24) will have the form:

2x2y  2yEe  Xij — 2XijXko
EXp|=— 2 T2 2 -
a; a;
Vi — ZijYkol
Next, substituting expressions for Z;, Eq. (23), and exponential function, Eqg. (26), in Eq. (24) for

integral IZy1 then, using the formula, Eq. (44), at the integration of I%’l over dx,dy,dxy;dy;, we find
that only the last term iC,y,; of Z; gives a non zero contribution into IZyl. And its expression is:

Iy = iN(N - 1)C,.
At the derivation of this expression for Iyl, we have used the formulas:

+ 00 400 2
Xk j 12 P12
j j dxkjdykj—z ) 5 e 2 XkjT 2 Vkj =
Xii + Vi
— 00 —o00 kj kj

B 1
m ay (a1/2 — B1/2)

for a; > B, and

400 +00 2
X i a2 P12
. M Tk T Yk =
f f dxk]dyk]x2 W e 2 2 =
—o00 — 00 kj kj

2m aq 1
N2y h B1 (B1/2 — a1/2)
for f; > a4, which can be obtained, using expressions Egs. (30) - (32):
+o00 +o00 2.
] j dxyjdYij —5— i 2 e~ 2%k i
—o J-oo Xij t Vij
At the calculation of that integral over dxy ;, we use the formula 3.466.2 of the book [32]:

X2+ p2° 2u 2
with [Re 8 > 0, |arg u < /4[] and erf(x) is the error function.

+00 2
] L PR )
0

At the calculation of obtained integral over the dy,;, we use the formula 6.289.2 of the same book
[32] of I.S. Gradshteyn and .M. Ryzhik:

B

+00

erf(Bx)eB*~#*)x% ydx = _

jo F) 2p(p? = B?)
at [Re u? > Re B2, |argu < m/4|]

In the analogous way, one may calculate the expression for integral I7, for the average quantities of
fry = Xko. It equals to expression:

I, = iN(N = 1)Cy.
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6. AVERAGE QUANTITIES FOR fxly WITH HAMILTONIAN 1512.
We calculate the integral in the average quantities for £\, = yy,, related to term
[¥r|?

VioWidy, ) - ViWr = VYo ————5
TV Xiej * Viej

27

where
1 .
Zy = 2YijXko 52 + 1Ay | — iCiykj —
q1
1 .
Zxkjyko _2 2 + lAZ + LCZij
q;

Again, the expression for this integral is:

N
1 2
Iy=v< )ZZﬂffdxd dx;dy: X
2 4192 = = kYA 0]

2 2 2 2
Yko [ Xko  Yko  %jo yJ'Ol

2 2 T2 T 2T 2T T2
Xij T Vij q; q; 41 49

We follow the procedure of calculation, discribed from Eq. (24) up to Eq. (29), except of substituting
expressions for Z,, Eq. (35), and exponential function, Eqg. (26), in Eq. (36) for integral I}’z then,
using the formula, Eqg. (44), at the integration of IZy2 over dx,dydxy;dyy;, we find that only the
term —iC;yy; of Z, gives a non zero contribution into Izyz. We obtain

I, = —wN(N — 1)C;.

Analogously, we calculate the expression for integral /7, for the average quantities of fiy = Xpo- It
equals to expression:

IZ, = ivN(N — 1)C,.

We calculate Athe integral in the average quantities for f', = yyo, related to the last term in the
Hamiltonian H,. It is:
N —_—
Z A, (M1
v 2
k=1 Jj=k |rkj|

N
) —ViiXkj T XiYkj

v Z Z kaZexp'
(xI%j + yl%j)(xlzl +yi)

k=1 j#k l#k

J’ko'lpﬂ2 =

where
2 2
P @ 4G 4 4
G 9

Introducing variables x,; and yy ;, we expressed the first exponential function in Eg. (40) in the form
of Eq. (26). Now, we introduce variables x;; and y; then
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exp [_ lego _ 23’1%0 _ @ _ Y_lzol
a4 4 4

will have a form:

exp l_ 3x§0 _ 33’50 _ Xig = szklxko _
q1 a; a1
Yia = ZYkZYkol
a3 '

Introducing in Eq. (41) last two parts inside of exponential function, Eqg. (26), we find the final
expression of the function Z,,,,

3xZy 3V, Xiej t X — 2(xxj + %) Xo
eXp|l——= =2 — 2
qi q; a1
_3’1%1' + v — 2(yies + Ykz)J’kol
2
q;

Our goal is to calculate the integral:

Igex,,:jﬂ ﬂ dxdy,dx;dyyjdxdyg

—ViiXkj t XYk
(x}‘ij + yl?j)(xlgl +yi)

kaZexp
Using a formula below:

+o0
—y2

f xMe~PX +2qxdx —

—00

2 [ /g . 5G) 1 P\
n!epﬁ@ . (n—Zk)!(k)!(4q2) '

k=
we find
+oo 3x2,  2(xp; + x1p)x
f dxoexp l_ §0+ (xx; Zkl) kol _
—o00 CI1 ql
2
\]Eex (xkj + xkl)
and

e 3y Z(Yk' + }’kl)}’ko
j dYkoYko€Xp l— e =
—o0 CIZ qZ

(}’kj + }’kz)z
3q3

T

QZ §eX

(ykj + ykl)
3

Taking into account the expressions Eq. (45) and Eq. (46), the integral Igexp transforms into form:
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T
Igexp = §q1q2 fff f dxkjdykjdxkldykl X

—ViiXkj t XYk (}’kj + }’kz) 7
exp
(xl%j + yl%j)(xlzl + Yi) 3

with the new expression for Z,,.,

2
Zexp = €Xp I—3_qz(x1%j + Xy — xijkl) -
1

2
2 2
3_q§ (ykj + Vil — }’ij’kl)l .
The first term in the sum —y,,x; + xxyi; Of the last expression for I}’exp does not depend on
variable x,;. Therefore, we can calculate the integral
+00
=j dxkz;e 23 (ki)
—w X + Vi
For this purpose, we use the definition of Gamma function I'(x) :

+00
) = f drt* le™ %
a* 0

I

Xkl

to rewrite the L., in the form:

Xkl

1 + 00 ) + o0
kal = @j dTe_yleL dxkl X

2a
eXp[ <_ + T) X1 + — 3 xk]xkl]
Using again a formula, Eq. (44), one obtains the result for I, :
ﬁ e_yI%lT
= [
ra)J, J2a1/3+T
1 Xy 2
exp [( 3 ) /QRa,/3 + T)]
at variation of variable 7 in the limits from 0 up to +oo, the function

In this expression for I, ,

1k}

exp[ /(20:1/3 +T)]

. 2, .. . 2 .
will change from e®*ki/3up, to 1 . However, at T — 4oo limit, the function e ~¥«® will make zero a
whole integrand of I, . Therefore, one can assume

/(2(11/3 + T)] ~ e@%k)/3

and thus take the approximate expression for integral

2
+oo VT
V1T 2 e
— ®1%ij/3 J. dr
0

L, = —_—
T J2a/3+T
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We take into account the exponential function e®*//3 from Eq. (52) in the factor e 2#1/3%;, where
a; = 1/q3, of the expression Z,,,, and together with obtained this factor the integral over dx;; of

I, with the first term in the sum —y,x,; + Xy, gives:

and therefore, we find that I7, = 0.

We consider the second term of the sum —y;x;; + xi;yi; in the integrand of I}’exp. It is easy to
show that

400
L L, = j i % e—z%(xiz—xijkz)'
d(2ayx;/3) ™M ) o +

Xiet T Ykt
if expression for I, is taken from Eq. (49). However, from the final expression for I,

kl ki’ Eq. (52),
2
one obtains d/d(Zalxkj/S)kal ~ xkjea1xkj/3. Therefore, using Eq. (53), we find again I}’exp = 0.

We demonstrated I}’exp = 0 at calculating the average quantities for f,', = yyo, related to the last

term in the Hamiltonian H,. One can show that the same average quantities, however, calculating
now for £}, = xyo, give also I}‘exp = 0. To get this result we used the expression

i
I%Cexp = §q1q2 ij J dxkjdykjdxkldykl X
—YriXkj T Xk1Vkj (xkj + xkl)
(22 + v ) ey + yie) 3 op

and
+ 00 . o
] Ay =" 3% = 0
—o Xicj + Vi
7. HARMONIC OSCILLATOR EQUATION FOR THE CENTRE-OF-MASS.

Substituting in the Schrodinger equation, Eq. (13), results of average quantities for f,';,, calculated in
the above three sections, we find the equations of motion for the x, coordinate
2

Xo . a1 . Cy

l?_Afoo _76'1 sl C1A1q7 +

Al 2 .

> Xodi — iv(N—-1)C, +v(N —1)C,
and y, coordinate

- 2
. Yo . az . Gy
17—14251%)’0 —75'2 slo - C2A,q5 +

/12 2 .
73’0‘12 —w(N-1)C, —v(N - 1)

of the centre-of-mass. In equations Eqgs. (57) - (58) 1, =Aand 4, = 1/4
Equating imaginary parts of both these equations, we find:
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Xo _ Gy
- =5 —v(N -1
y C
7°=72—v(1v—1)cz,
from where
_*o
¢, = 5
%
c, = )

Here, we introduced the constant b = 1 — 2v(N — 1). From Eq. (60), we express x, and y, through
the C; and C,, respectively, and substitute them in the real parts of Eq. (57) and Eq. (58). We obtain

. C
G, + Ayxp = 2v(N — 1) <261A1 - —2)
q

1

) C
Cy + Ao = 2v(N — 1) <2C2A2 + q_;)
2
Our goal is to consider solution of these equations on the first order small quantities, therefore, we
omit the C;A4; and C,A, terms from the consideration and assume that g2 = g%, and g3 = q3,.

Taking into account the relationship, Eq. (60), we write a set of equations:

X 2v(N — 1)y
0+llx0 _ ( _ )Yo
b q1ob

Vo 2v(N — 1)x,

—+2 =——.
b 2Y0 q%ob

We try to find the solutions in the form x, ~ e“t and y, ~ e®t then Egs. (62) reduce to

-0+ 1 =-iK®

-0+ 1, =iK,®,
where @ = w/b, A, = A,/b, 1, = A,/b,K; = 2v(N — 1) /(bg?,) and K, = 2v(N — 1)/(bq3,).
Multiplying two equations of Eq. (63) to each other, one obtains

(=2 + 1) (—@? + 43) = K1 K, @2
and thus the equation
&* — @2(1y + Ay + K1K,) + 114, = 0.

The solution of this equation is:
1. . .
(@)1 = > (4 + 4 + KiK;) +
1, . - .~
I:Z (Al + 12 + K1K2)2 - AIAZ] .

We analyse an effect of the different cases of statistics of particles v and an harmonic potential
anysotropy 4, and A, on centre-of-mass oscillatory frequency w?. Let assume that we consider the
system of bosons v = 0 . For this case of particle statistics, b = 1, K; = K, = 0 and from equation

(5)2)1,2 = ‘Uiz =1/2(A; + 1) £1/2(A, — 43),
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wi =X
a)% = /12.

For the case v = 0 and isotropic harmonic potential 1, = 1, = 1, we have w? = w3 = 1.

For the system of anyons v # 0 and arbitrary harmonic potential A; and A,, the centre-of-mass
oscillatory frequences are determined by Eq. (64).

8. CONCLUSION

So,

after scrutinizing problems and tasks this work and with the help of acquired results the

following statements can be done to conclude the work:

>

In order to perform the tasks set up in this research a new method for calculating problems has
been utilized. It is a cumulant method to get the width equation and equation of the motion for
the centre of mass to get the collective frequencies. This method gave an opportunity to avoid for
writing an action and take a variation over it and also solve a differential equation of the second
order which is an overwhelming task. Instead, we solved integrals of Gaussian type which is
much easier than a variational approach.

By utilizing the cumulant method, the expression for the centre-of-mass oscillatory frequencies
for the system of anyons and arbitrary harmonic potential has been derived in the last chapter.
Furthemore, special cases for the determined frequency have been considered with the
parameters v and b, K;, K.

M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman, E.A. Cornell, Science 269, 198
(1995); C.C. Bradley, C.A. Sackett, J.J. Tollet, R.G. Hulet, Phys. Rev. Lett. 75, 1687 (1995);
K.B. Davis, M.O. Mewes, M.R. Andrews, N.J. van Druten, D.S. Durfeee, D.M. Kurn, W.
Ketterle, Phys. Rev. Lett. 75, 3969 (1995).

F. Dalfovo, S. Giorgini, L.P. Pitaevskii, S. Stringari, Rev. Mod. Phys. 71, 463 (1999); A.S.
Parkins, D.F. Walls, Phys. Rep. 303, 1 (1998); A. Griffin, cond-mat/9911419.

3. S. Stringari, Phy. Rev. Lett. 77, 2360 (1996).

>

© N o O

10.

11.
12.
13.

V.M. Perez-Garcia, H. Michinel, J.1. Cirac, M. Lewenstein, P. Zoller, Phys. Rev. Lett. 77, 5320
(1996).

Y. Castin, R. Dum, Phys. Rev. Lett. 77, 5315 (1996).
Y. Kagan, E.L. Surokov, G. Shlyapnikov, Phys. Rev. A 54, R1753 (1996).
Pippa Storey, M. Olshanii, Phys. Rev. A 62, 033604 (2000).

D.S. Jin, J.R. Ensher, M.R. Matthews, C.E. Wiemann, E.A. Cornell, Phys. Rev. Lett. 77, 420
(1996); M.O. Mewes, M.R. Andrews, N.J. van Druten, D.M. Kurn, D.S. Drfee, C.G. Townsend,
W. Ketterle, Phys. Rev. Lett. 77, 988 (1996).

D.S. Jin, M.R. Matthews, J.R. Ensher, C.E. Wiemann, E.A. Cornell, Phys. Rev. Lett. 78, 764
(1997).

B. DeMacro, D.S. Jin, Science 285, 1703 (1999); M.O. Mewes, G. Ferrari, F. Schreck, A.
Sinatra, C. Salomon, Phys. Rev. A 61, 011403(R) (2000).

D.A. Butts, D.S. Rokhsar, Phys. Rev. A 55, 4346 (1997).
L. Salasnich, B. Pozz, A. Parola, L. Reatto, J. Phys. B 33, 3943 (2000).
M. Amoruso, I. Meccoli, A. Minguzzi, M.P. Tosi, Eur. Phys. J. D 7, 441 (1999).

‘ ?‘;%ﬁ%ﬂ;f ‘ Middle European Scientific Bulletin, Volume 29 | Oct-2022




14.
15.
16.
17.
18.

19.
20.

21.
22.

23.
24.
25.
26.
27.

28.
29.

30.

31.

32.

33.

MIDDLE EUROPEAN SCIENTIFIC BULLETIN ISSN 2694-9970

https://cejsr.academicjournal.io
L. Vichi, S. Stringari, Phys. Rev. A 60, 4734 (1999).
G.M. Brunn, C.W. Clark, Phys. Rev. Lett. 83, 5415 (2000).
A. Minguzzi, M.P. Tosi, Phys. Rev. A 63, 023609 (2001).
M.A. Baranov, D.S. Petrov, Phys. Rev. A 62, 041601 (2000).

T. Haugset, H. Haugerud, Phys. Rev. A 57, 3809 (1998); S.K. Adhikari, Phys. Rev. E 62, 2937
(2000); T.K. Ghosh, Phys. Rev. A 63, 013603 (2001).

T.-L. Ho, M. Ma, J. Low Temp. Phys. 115, 61 (1999).

L.P. Pitaevskii, A. Rosch, Phys. Rev. A 55, R853 (1997); P.K. Ghosh, Phys. Rev. A 65, 012103
(2002).

T.K. Ghosh, Phys. Lett. A 285, 222 (2001). [22] P.K. Ghosh, cond-mat/0109073.

T.-L. Ho, C.V. Ciobanu, Phys. Rev. Lett. 85, 4648 (2000); S. Ghosh, M.V.N. Murthy, S. Sinha,
Phys. Rev. A 64, 053603 (2001).

A. Gorlitz et al., Phys. Rev. Lett. 87, 130402 (2001).

S. Burger et al., cond-mat/0108037.

B.Abdullaev, C.H.Park, M.M.Musakhanov, Physica C 471, 486 (2011).
T.K. Ghosh, S. Sinha, Eur. Phys. J. D 19, 371 (2002).

Y.-S. Wu, Phys. Rev. Lett. 53, 111 (1984); Y.-S. Wu, Erratum ibid 53, 1028 (1984); R.B.
Laughlin, Phys. Rev. Lett. 60, 2677 (1988).

A. Comtet, J. McCabe, S. Ouvry, Phys. Lett. B 260, 372 (1991).

J. McCabe, S. Ouvry, Phys. Lett. B 260, 113 (1991); A. Dasnieres de Veigy, S. Ouvry, Phys.
Lett. B 291, 130 (1992); A. Dasnieres de Veigy, S. Ouvry, Nucl. Phys. B 388, 715 (1992); D.
Sen, Nucl. Phys. B 360, 397 (1991); J.Y. Kim, Y.S. Myung, S.H. Yi, Phys. Lett. B 331, 347
(1994)

Enrico Stein, Open-Dissipative Mean-Field Theory for Photon Bose-Einstein Condensates,
Diploma Thesis of Kaiserslautern Technical University, 2018, Germany.

I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products (Academic Press,
London, 1980).

B. Abdullaev, G. Ortiz, U. Rossler, M. Musakhanov, and A. Nakamura, Phys. Rev B 68, 165105
(2003).

N. Mann, M. R. Bakhtiari, A. Pelster, and M. Thorwart, Phys. Rev. Lett. 120, 063605 (2018).

‘ ?‘;%ﬁ%ﬂ;f ‘ Middle European Scientific Bulletin, Volume 29 | Oct-2022




